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Abstract

Observations show that there are twisted magnetic flux tubes and plasma flow throughout the solar atmosphere. The
m

BIESTRANIG. W e obtain the'dispersion relation for sausage modes'in'slow continuity in an inhomogeneous layer under
the conditions of magnetic pores, then we solve it numerically. For the selected density profile, the magnetic field, and
the plasma flow as a function of radius across the inhomogeneous layer, we show that the effect of the twisted
magnetic field on the resonance absorption at low speed of the plasma flow is greater than one at high speed.

Unified Astronomy Thesaurus concepts: Solar physics (1476); Solar photosphere (1518); Solar atmosphere (1477)

1. Introduction

One of the proposed mechanisms for heating the solar corona is the propagation of magnetohydrodynamic (MHD) waves and their
damping. The first observations of the transverse oscillations of the coronal loops were reported by Aschwanden et al. (1999) and
Nakariakov et al. (1999). Nakariakov et al. (1999) reported oscillations with a period of 4.27 minutes and a damping time of 14.5 minutes.
Wang & Solanki (2004) reported oscillations in the period of 3.9 minutes and damping times of 11.9 minutes using TRACE observations.
The study of the MHD waves in the solar atmosphere is very important for solar seismography (e.g., Nakariakov & Verwichte 2005; De
Moortel & Nakariakov 2012; Nakariakov et al. 2016) and atmospheric heating (e.g., Arregui 2015; De Moortel & Browning 2015), while
the focus continues to be studying oscillation in the solar corona (Aschwanden et al. 1999; Nakariakov et al. 1999; Wang et al. 2002;
Erdélyi & Taroyan 2008; Aschwanden & Schrijver 2011; Pascoe et al. 2016). Various modes of MHD waves in the lower layers of the
solar atmosphere, in particular, the magnetic pores in the photosphere, have been identified and studied (e.g., Dorotovi€ et al. 2008, 2014;
Jess et al. 2009, 2017; Morton et al. 2011; Tian et al. 2014; Grant et al. 2015; Moreels et al. 2015; Freij et al. 2016; Wang et al. 2018).
Sausage waves are often studied in the magnetic pores in the Sun’s atmosphere. Magnetic pores are relatively small (about 1-6 Mm in
diameter) and have a field strength of about 1 kG, see, e.g., Sobotka (2003). The first observation of sausage modes in the large-scale
loop oscillations in the corona was made by Aschwanden et al. (2004), while Dorotovi¢ et al. (2008) reported the first observation of
sausage waves in the lower layers of the solar atmosphere with a period of 20-70 minutes using the Swedish Solar Telescope. Dorotovi¢
et al. (2014) studied magnetic pores and sunspots to find sausage modes and reported both slow and fast modes with a period of 4-65
minutes. They showed that sausage modes with many different wavelengths are present in photospheric structures. Grant et al. (2015)
observed sausage waves in magnetic pores with a period of 181412 s. They also showed that in magnetic pore conditions, the sausage
wave has such strong damping that it disappears within 0.25 s of an oscillation period. Keys et al. (2018) reported that in magnetic pores,
surface modes are more numerous than body modes, and that surface states carry more energy than body modes. They also found a
period of 83-500 s for body modes and showed that for surface modes the period of oscillation is less than 100 s.

The resonant absorption of MHD waves to justify their damping was first introduced by Ionson (1978) in solar physics. In this
mechanism, the energy of the global mode oscillations is transferred to the local Alfvén (cusp) perturbations in an inhomogeneous
layer at the magnetic flux tube boundary, see, e.g., Goossens et al. (2011). While the resonance absorption under coronal conditions
has been studied by many researchers (e.g., Ofman & Davila 1995; Goossens et al. 2002; Ruderman & Roberts 2002; Aschwanden
et al. 2003; Terradas et al. 2006a, 2006b; Ruderman & Erdélyi 2009; Soler et al. 2013; Scherrer & McKenzie 2017), the role of
resonance absorption in the lower atmosphere has not yet been fully studied (Bogdan et al. 1996; Ruderman 2009; Giagkiozis et al.
2016; Yu et al. 2017a, 2017b). In the lower atmosphere, in addition to the Alfvén resonance absorption, the cusp resonance
absorption can be important. Yu et al. (2017a, 2017b) showed that for damping of slow surface kink and sausage waves in the
photosphere, slow (cusp) resonance absorption can be a more effective mechanism than the Alfvén resonance absorption.

So far, many studies have been done on the resonance absorption in the presence of magnetic twist (Bennett et al. 1999;
Erdélyi & Carter 2006; Erdélyi & Fedun 2006, 2007; Karami & Bahari 2010; Ebrahimi & Karami 2016; Giagkiozis et al. 2016;
Sadeghi & Karami 2019) or plasma flow (Joarder et al. 1997; Soler et al. 2011; Bahari 2018; Sadeghi et al. 2021). Ruderman (2007)
showed that the presence of a magnetic twist just inside the flux tube has no effect on the oscillation frequency of kink waves.
Karami & Bahari (2010) investigated the effect of a twisted magnetic field on resonant absorption. They showed that for corona loops
the period ratio P, /P, of the fundamental mode to the first overtone mode of standing kink waves is less than 2. Karami & Bahari
(2012) reported that if magnetic twist is considered in the annulus layer of the flux tube, it can affect the oscillation properties of kink
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waves. Giagkiozis et al. (2015) studied how the oscillation frequency of the fast sausage body waves is affected in the presence of a
twisted magnetic field. Also, Giagkiozis et al. (2016) showed that the damping rate of sausage waves increases with increasing
magnetic twist. Sadeghi & Karami (2019) investigated the slow resonance absorption for slow sausage surface waves in the presence
of weak magnetic twist under magnetic pore conditions. They concluded that magnetic twist could increase the damping rate of the
waves. Observations show that plasma flow in the magnetic flux tubes is present everywhere in the Sun’s atmosphere, see, e.g.,
Brekke et al. (1997), Winebarger et al. (2001, 2002), Teriaca et al. (2004), Doyle et al. (2006), Ofman & Wang (2008), and Tian et al.
(2008, 2009). Grant et al. (2015) showed that the average upflow speed in magnetic pores is about one-third the Alfvén speed,
although they observed higher speed, up to about 1.15 Alfvén speed. Ruderman & Petrukhin (2019) studied the effect of flow on kink
waves. They reported that the effect of flow on corona seismography is weak but has a significant effect on prominences. Bahari &
Jahan (2020) investigated the effect of a twisted magnetic field and plasma flow on magnetic flux tubes. They showed that for a weak
twist, the frequency of both the fundamental and first overtone modes decreases with increasing plasma flow. They also concluded
that when both magnetic twist and plasma flow are considered in the flux tube the period ratio P /P, of the fundamental mode to the
first overtone mode of standing kink waves is less than 2. Sadeghi et al. (2021) showed that the presence of background plasma flow
can significantly increase the damping rate for slow sausage (kink) surface waves under magnetic pore conditions.

In this paper, our aim is to extend the studies conducted by Sadeghi & Karami (2019) and Sadeghi et al. (2021) to investigate the
effect of the simultaneous presence of magnetic twist and plasma flow on the damping of slow sausage surface waves. In Section 2,
the model and the basic equations of motion governing the MHD waves are presented. In Section 3, we find the dispersion relation in
the case of no inhomogeneous layer and in the presence of an inhomogeneous layer. Our numerical results are discussed in Section 4.
Finally, we conclude the paper in Section 5.

2. Model and Equations of Motion
2.1. Model of the Flux Tube

The linearized ideal MHD equations governing perturbations in magnetic flux tubes are given by Kadomtsev (1966) as

2
p(%+v.V)€:fvapfi(éBx(VxBHBX(VX‘SB))’ (o
Ho
bp=-& Vp—pV-§ (®)
SB=—V x (B x £, (1

where p, p, and B are the background density, kinetic pressure, and magnetic field, respectively. Also, & is the Lagrangian displacement
vector, and ép and 6B are the Eulerian perturbations of the pressure and magnetic field, respectively. Here, ~y is the ratio of specific heats
(taken to be 5/3 in this work), and i is the magnetic permeability of free space.

We consider a stationary cylindrical flux tube model with a twisted magnetic field. The background magnetic field and plasma flow
in cylindrical coordinates are defined as

B = (0, By(r), B.(r)), ©))
V=10, Vs(r), V:(r)). 3)

The magnetohydrostatic equilibrium equation in the r direction can be obtained from the zeroth-order ideal MHD equation and is given as

d (p EAG +B§<r>] _ o Bo) @

dr 2 r Hot

We will use this equation to determine the dependence of the equilibrium plasma pressure on the radial coordinate. According to the
model studied by Sadeghi & Karami (2019) and Sadeghi et al. (2021), we define the density profile, the magnetic field components,
and the longitudinal component of the plasma flow as follows:

Dis r<ri
r—r
p(r) = p,»(l + (¢, — 1)( ; )) 1 <r < (5)
e — 1
piC,s rZ e
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Figure 1. The Doppler shifted phase speed €2/w; obtained from Equation (40), for the slow surface sausage modes vs. k.R for various values of (a) the twist parameter
Byi/B.; and (b) the flow parameter v_;/v,;. Under the magnetic pore conditions, following Grant et al. (2015) the auxiliary parameters are taken as v4; = 12 kms™ ',
vae=0kms ! (ie, B,,=0), v, =0kms ', v;=7kms ', v, =115kms ', v;=6.0464 kms~' (=~ 0.8638 v,;), and v, =0 kms .
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In these equations p;, By, and V; are the plasma density, longitudinal magnetic field, and longitudinal plasma flow in the internal region of the
tube, and all of them are constant quantities. The twist parameter A, which controls the azimuthal component of the magnetic field, is constant
too. The quantities ¢, are the ratio of the values of the quantities g in the external and internal regions, where g stands for the plasma density
and the components of the background magnetic field plasma flow. For simplicity, we assume that the plasma flow is parallel to the
background magnetic field. Using this condition, the azimuthal component of plasma flow can be obtained from Equations (6)—(8) as

Ayr, r<r
B, Aol 4 566 — 1) [1+6(C5, — D
Vo(r)y =—V, = vrill + , — > i <r<ir, )
Y B [1+68(¢G, — DI
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The parameters Ay = ABV"i and ¢y, = , which give the values of the azimuthal plasma flow and its ratio in the external and
0 ,

Ca,
internal regions, are not independent variables, and using the condition that the plasma flow and magnetic field be parallel, these

quantities can be determined in terms of the previously defined parameters. Inserting Equations (5), (6), (7), and (9) into the



THE ASTROPHYSICAL JOURNAL, 944:194 (18pp), 2023 February 20 Sadeghi, Bahari, & Karami

magnetohydrostatic Equation (4), the background gas pressure is obtained as
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In this equation, p, is a constant of integration, which gives the plasma pressure at the tube axis, and the other parameters are given in
Appendix A.
The stationary model here is adjusted such that in the absence of plasma flow, it reduces to the equilibrium model considered by
Sadeghi & Karami (2019), and in the absence of the magnetic twist, it recovers the model considered by Sadeghi et al. (2021).
In addition, Alfvén, sound, and cusp speeds are defined as follows:
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Here, B? = Bo‘2 + BZZ, and V), Vsiep and v are the Alfvén, sound, and cusp speeds, and the subscripts i and e represent the
internal and external regions, respectively. The § parameter, i.e., the ratio of plasma pressure to magnetic pressure inside the flux tube
is

p(ry) 2 2
D o S — Y ). 14
B B )/ (2eg) i/ (Wi (14)

Using this equation, the integration constant p, can be determined in terms of the 3 parameter as

2
Po PoPiAV ) o2 2 2
—=ﬂ+2(1——)Ar,» /B, (15)
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in which B; = B(r;). Next, using Equation (12), which gives the speed of sound inside and outside the flux tube, and in Equation (14),
we determine the ratio of densities of the external and internal regions as

2
=P (v_) p(re)
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b : [p() - (1 — 7”0222V)A2r,'2 /M():l

2 Y
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2.2. Governing Equations

Here, we use Equations 1(a)—(c) to obtain a differential equation for the radial displacement of the plasma, and then determine the
solutions of the differential equation in various regions of the tube. Since the stationary quantities of the tube are time independent
and depend only on the radial coordinate r, the perturbed quantities in cylindrical coordinates can be Fourier analyzed as

(&, 6Pr) oc e/moTheamen, (17)

where w is the angular frequency, m is the azimuthal wavenumber for which only integer values are allowed, and k,, is the
longitudinal wavenumber. Also, 6P = 8p + B. 6B/ 1 is the Eulerian perturbation of total perturbed pressure. Using Equation (17) in

4
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Figure 2. The sound, Alfvén, and cusp speeds as functions of ¢ representing radial coordinates in the inhomogeneous layer. The upper and lower horizontal dotted

lines represent v; and v,;, respectively, both normalized to the internal speed of sound. The parameters of the tube are //R = 0.1, B,;/B,; = 0.3, v4; = 12 km s,
Vae=0kms ' (ie., B,,=0), v, =0kms ', v, =0kms ', v;=7kms ', v, =11.5kms ", v,; = 6.0464 km s~ '( =~ 0.8638 v,;) and v, = O kms~".

the set of Equations 1(a)—(c), the following two first-order differential equations can be obtained:

p8) _ cve) — rcyoPy, (18a)
dr

p®Pr _ Lo ey — Gopy. (18b)
dr r

These equations have been derived by Bondeson et al. (1987) and Goossens et al. (1992). The coefficients in Equations 18(a) and (b)
are defined as
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Combining the two first-order Equations 18(a) and (b), we obtain a second-order ordinary differential equation for the radial
displacement, which has been determined by Goossens et al. (1992) as

d| D d 1 c? d( G
=S |+ Sle- 2| - =2 s =0 (20)
dr| rCy dr D G, dr\rC,

Resonant absorption occurs under the condition D = 0, which gives four Doppler shifted continua; two shifted Alfvén continua

w = w((r) & w4(r), and two shifted slow continua w = w(r) &= w.(r). Here, we study the slow surface waves propagating in the direction of the
plasma flow. For these waves, in the model we consider here for the tube, both the conditions w = w(r) + w.(r) and w = wW(r) + wa(r) are

5
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fulfilled. Yu et al. (2017b) showed that Alfvén resonant absorption is not an efficient damping mechanism for the slow surface kink waves.
We generalize this result to the slow surface sausage waves and consider the slow resonant absorption as the only damping mechanism of the
slow surface sausage waves. We postpone the investigation of Alfvén resonant absorption and validity of this generalization for a future work.
If there is no plasma flow in the transitional layer, as in the case considered by Bahari et al. (2020) for the kink waves, it is possible that with
increasing the flow speed sufficiently no further resonant absorption occurs and the MHD waves propagate without damping, but since we
consider the plasma flow in the transitional layer, the condition for resonant absorption is fulfilled even for large flow speeds.

2.3. Solution Inside the Flux Tube

In this section, we obtain the solution of Equation (20) in the internal region of the tube. To do this we first simplify the coefficients
given by Equation (19) for the sausage mode (m = 0) using the internal parameters of the tube

= pl(Qz wA,) (21a)
242 2p .
C = (21’1, A n 2”1 B AAy N piniz(wz‘xi _ Q,Z)Aé)r, (21b)
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With these simplifications the differential equation governing the radial displacement becomes
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Here, we have defined the frequencies wy,.) = kvyi.). The solution of Equation (23) for the radial component of the Lagrangian
displacement & inside the flux tube (r < r;) for sausage modes (:m = 0) is as follows (Giagkiozis et al. 2015, 2016):

§1/72
£(5) = Aigze™ M (@, b 5), (29)

where A; is a constant and M(.) is the Kummer function (Abramowitz & Stegun 2012). Using Equation (29) in Equation 18(a) the
Eulerian perturbation of total pressure relation inside the flux tube can be obtained as

SPri(s) = A,-es/z( 5“Di )[(”’ : kz)sM(a, b;s) —2M(a, b —1;9) |, (30)
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in which R
_ ki _ — 121122
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2.4. Solution Outside the Flux Tube

Now we determine the solution of Equation (20) in the external region of the tube. The coefficients given by Equation (19) for the
sausage mode (m = 0) using the parameters of the tube in the external region are

= (2 — W), (32a)
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Hence, the differential Equation (20) governing the radial displacement outside the flux tube becomes
d* ¢ d¢
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The solution of this equation with physically acceptable behavior, i.e., vanishing for large values of the radial coordinate is

§re(r) = Ac Ky (krer). (34

Here K(.) is the modified Bessel function of the second kind (Abramowitz & Stegun 2012). Substituting solution (34) in
Equation 18(a), the Eulerian perturbation of total pressure outside the flux tube can be obtained as

po(l = D, — 205 A*rin; D,
Kl/(krer) - T V—l(krer) . (35)
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In Equations (34) and (35), the following definitions are used:
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Figure 3. (a) The phase speed v/v,; = w,/wy;, (b) the damping rate to frequency ratio —y/w,, (c) the damping time to period ratio 7p/7T = w/(27||), and (d) the
Doppler shifted phase speed 2/wy; as functions of kR for //R = 0.1 of the slow surface sausage modes for various values of the flow parameter. Here, the dashed and
solid curves correspond to the case of By, /B,; = 0 and By, /B; = 0.3, respectively. The black dashed curves show the analytical results obtained from Equation (55).
Other parameters of the tube are vy =12 km s Vae = 0 km s7! (ie., B,,=0), v,,=0km s Vg = 7 km s L Vee = 11.5 km s Ve = 6.0464 km s !
(~0.8638 v,;), and v, = 0 kms '

In the limit of vanishing flow speed, all the solutions obtained in the Sections 2.3 and 2.4 reduce to the corresponding solutions
determined by Giagkiozis et al. (2015) and Sadeghi & Karami (2019), and in the limits of vanishing magnetic twist, the mentioned
solutions reduce to the corresponding solutions determined by Sadeghi et al. (2021).

3. Dispersion Relation
3.1. Dispersion Relation for the Case of No Inhomogeneous Layer

Now, we obtain the dispersion relation for the sausage modes in the absence of the inhomogeneous layer using the appropriate
boundary conditions at the flux tube boundary. The radial displacement and Lagrangian perturbation of the total pressure must be
continuous at the tube boundary

Eilr=r = &..lr=r, (39a)

(39b)

re >

r=R

B2 B2
6PTi_i£n‘ r=R = 5PTe—£f
Ho? HoT

where R is the tube radius. Inserting the solutions given by Equations (29), (29), (30), and (35) in the above boundary conditions,
after some algebra the dispersion relation can be obtained as follows:
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Doppler shifted phase speed €2/wy; as functions of k.R for [/R = 0.1 and the flow parameter v_;/v,; = 0.6 of the slow surface sausage modes for various values of the
twist parameter. The black dashed curves show the analytical results obtained from Equation (55). Other parameters of the tube are the same as in Figure 3.

_ HoDi
ky

. _ D, 5 2
n; + k; 5 ZM(a’ b L,s) _ /LOZ 1 —y— kR K,_1(k;.R) 1+ 2L2€ CZB A2R? + A2R2. (40)
k; M(a, b, s) k K, (kR) ¢

re

re

Here, we solve this dispersion relation numerically. In Figure 1, we plot the Doppler shifted phase speed €2/wy; versus kR of the slow surface
sausage modes obtained from Equation (40). Panel (a) shows various values of the magnetic twist parameter and the flow parameter v;/vy; = 0.4.
This panel shows that at a given flow the Doppler shifted phase speed decreases with increasing magnetic twist parameter. Also, for a small
magnetic twist (i.e., By;/B,; = 1075), the results are consistent with the results of Sadeghi et al. (2021). Panel (b) shows that with increasing flow
parameter at a given magnetic twist (B;/B,; = 0.3), the value of the Doppler shifted phase speed decreases and the rate of decrease is greater at
larger k.R. This panel shows for the case of no flow (i.e., v,;/v; =0 ), the result of Sadeghi & Karami (2019) (dashed line) is recovered.

3.2. Dispersion Relation in the Presence of an Inhomogeneous Layer and Resonant Absorption

Following Sakurai et al. (1991), we do not need to solve the differential Equation (20) in the inhomogeneous layer. Based on the
results of Sakurai et al. (1991), we can connect the solutions inside and outside the flux tube by the connection formula as follows:

S
— — T, Qisri
= £,(n) — £,(r), = — 1 L 41a
[£r] £re(r) { (I’) |AC|}’BZW124 — Ti w% ) . ( )
_ —i2mw; Q i€,
[op, 1= dp, (ro) — op,,(ri), = m o\ - w—f r:,.’ (41b)

where [€,] and [ép ] are the jump conditions in the Lagrangian radial displacement and total pressure perturbation, respectively,
across the inhomogeneous (resonant) layer. The subscript ¢ denotes the position of the slow resonance (r=r,)

_ | 4@ -wd)
and |A.| = -

r=r,
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Inserting the solutions of Equation (20) inside Equations (29) and 30), and outside Equations (34) and (35), the flux tube in the
connection formulae 41(a) and (b), the dispersion relation for the slow surface sausage waves in the presence of magnetic twist and
plasma flow can be obtained as follows:

Dar + iDa1 = 0, (42)
in which Dagr and D, are given by
kri

Dar = pi( — wh) — rip(Q — Wi 20, (43)
Tkl 2 Y
krepd Al | \ i + 02
X (B — W) + 2P — W36, (44)

where

(uODe(l —v)— 2§B(§Ar,»n‘,2 Kvl(kmre))

Depugrekre K, (krere)
Q= —kur; ’ (45)
n,»+kzs _ AM@b—1Ls)
[ k; M (a,b;s) ]
o[ Ok po(1 = VD, — 26 A*rin?
o szg =, l//orekreDe
o val(krere) (46)
K (keer) )
272
2= Qi k;i ' (47)
2| ni+k, _ AM(@b— L)
ci k, M (a, b;s)

Using the equations that give the background values of the density, magnetic field, and plasma pressure, we define the quantities of
sound, Alfvén, and cusp speed in the inhomogeneous layer (r; < r <r,) as

14+ 6CvE— D+ A
vl = vy Cplia = D , (48)
L+6(¢,— D
14+ 6(vis — 1
vi =1}, e = D | (49)
1+6(¢,—1)
V2 — Vszivii
C 46, — D]
[1+ 6(C,ve — 1) + AL + 8(¢,vii — DI 50)
X b
i+ (G v — D+ A) + i+ 8(G Vi — D]
where 6 = ::: > (p = pe/ph Vsei = vse/vsis VAei = VAE/VA[ and
A= Liasr? = 682 + A = 65 + As(n(r/r) — §In(r /1) + Ag(n (1 + 6(C3 — 1) — 6In(1 + (¢ — D). )
Under the photospheric conditions, the parameter A is simplified as
= lz[A3(r2 — 8r2) + Ay (PP — 6r2) + As(n(r/ry) — §1In(r, /)] (52)

si

In Figure 2, we have plotted the background sound, Alfvén, and cusp speeds as a function of ¢ in the transitional layer. Because the
Doppler shifted oscillation frequency, as is obvious in Figure 1, is smaller than v, then the conditions of both slow and Alfvén
resonant damping are fulfilled. But as we discussed in Section 2.2 we ignore the Alfvén resonant absorption. Note that the cusp
resonance occurs at a place where the Doppler shifted frequency equals the cusp frequency, i.e., {2 = w. = k,v... Like Yu et al. (2017b)
and Sadeghi & Karami (2019) the position of the cusp resonance point r. can be obtained by putting v, in Equation (50) equal to /k,

10
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=1 as follows:

i

A8t + B8 + C82 + &8, + F = 0. (53)

The constants A, B, C, £, and F are given in Appendix B. Equations (42) and (53) can be solved simultaneously and numerically to
give the oscillation frequency, damping rate, and resonant point of the waves.

and write it as an algebraic equation for ¢, = 6|,—, =

3.3. Weak Damping Limit—Slow Continuum

In the weak damping limit an analytical expression for the damping rate can be determined from the dispersion relation (42). Note
that in Equations (43) and (44) we have the complex Doppler shifted frequency {2 = w — k,v, where w = w, + iy, in which w, and ~
are the cusp frequency and the damping rate, respectively. The damping rate + in the limit of weak damping, i.e., 7 < w, is given as
(Goossens et al. 1992)

-1
) . (54)

Using Equation (54), we obtain an analytical relation for the damping rate - (see Appendix C) for the slow surface sausage waves as
mpk?

follows:
B w2 Y
krepelAel |, \vi +37

L (2 — wh) + DX — wi G
kyi
2(%% — x22Q) - QT

oD,
v = —DAI(w,)( AR
Ow

’Y:

; (35)

where the quantity 7 is given by Equation (C14). Note that in the limit of no twist, i.e., By = B4, = 0, Equations (45), (46), (47),
(C7), and (C8) reduce to

Iy@)Ko(y)
Q== V70N
T h0K ()
_ Ko(y)
G=Go=—2Y,
T K
Z =0,
PPy (Ié’m _ 15@)2) (),
I(x)  lox)" ) Ko(y)
" !/
S— 8= (1 K ()/’)Koz(y))lo(x)’ 56)
Ko(y) Ip(x)
where x =k,;r; and y = k,.1,, and we have also used the relation
lim M(a,b —1,5) zfl()(x). 57)
a— X M(a,b,s) 2 Li(x)

In the case of a straight magnetic field, Equations (56) and (57) can be used to simplify 7~ and consequently the damping rate given
by Equation (55) reduces to Equation (40) in Sadeghi et al. (2021) for the slow sausage surface modes in the presence of flow.

4. Numerical Results

In this section, we obtain the frequency and damping rate of the slow surface sausage modes using the numerical solution of the
dispersion relation (42) under the magnetic pore conditions. The period ratio P;/P, is not a point of interest in the present
paper because it is relevant in the case of standing waves but here we study the propagating waves. Followin% Grant et al. (2015),
we set the flux tube parameters as vy; = 12km s, v, =0kms! (e, By.=B,=0), v=Tkms ', v,,=11.5km s,
Ve = 6.0464 km g ! (~0.8638 vy;), and v., = 0 km s~ 1. The numerical results are shown in Figures 3-7.

Figure 3 represents the variation of the phase speed (or normalized frequency) v/vy; = w,/k.vy; = w,/wy;, the damping rate to frequency
ratio —y/w,, the damping time to period ratio 7/T = w/(27|~|), and the Doppler shifted phase speed §2/w;; of the slow surface sausage
modes versus kR for various values of the flow parameter v,;/vy; = (0, 0.2, 0.4, 0.6) and for the thickness of the inhomogeneous layer //
R=0.1. The dashed and solid curves in Figure 3, correspond to the cases By, /B;; = 0 and By, /B, = 0.3, respectively. The black
dashed curves show the results obtained from Equation (55) for the weak damping limit. The figure shows that (i) the value of the phase
speed v/vy; increases with increasing the flow parameter v_;/vy;. (ii) As the flow speed increases, the maximum value of —7/w, increases
too. Also, in twisted flux tubes the minimum value of —7/w, occurs at smaller k.R in comparison with untwisted tubes. (iii) The
minimum value of the damping time to period ratio decreases when the flow speed increases. (iv) The effect of plasma flow in
decreasing the ratio of the damping time to the oscillation period is more efficient in untwisted tubes; for example, the value of 75/T for

11
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Figure 5. (a) The phase speed v/vy; = w,/wy;, (b) the damping rate to frequency ratio —y/w,, (c) the damping time to period ratio 7p/7T = w/(27|y|), and (d) the
Doppler shifted phase speed €2/w,; as a function of I/R for the slow surface sausage modes for k.R = 0.7, By, /B.; = 0.5, and different flow parameters. Other
parameters of the tube are the same as in Figure 3.

v,i/vs = 0.6 and By, /B;; = 0.5 decreases ~45% but for v,i/vs = 0.6 and By, /B.; = 0 decreases ~88% in comparison with the case of
the static tube. (v) The minimum value of Doppler shifted phase speed 2/w,; decreases with increasing the flow parameter.

Figure 4 shows variations of the phase speed (or normalized frequency) v/v,; = w,/w;, the damping rate to frequency ratio —y/w,, the
damping time to period ratio 7p/T = w/(27|v|) and Doppler shifted phase speed 2/wy; of the slow surface sausage modes versus kR for
various values of the twist parameter B, /B.; = (0, 0.2, 0.4, 0.6) and for the thickness of the inhomogeneous layer //R = 0.1 and the
flow parameter v,;/v,; = 0.6. This figure shows that (i) the minimum value of the phase speed v/v; decreases and shifts to smaller kR
with increasing the twist parameter. (ii) When the twist parameter increases, the maximum value of —v/w, increases and shifts to smaller
k.R. (iii) The minimum value of the damping time to period ratio decreases when the twist parameter increases, and our numerical
calculations show that the reduction is larger for static tubes. For example, the minimum value of 7p/T for v /v;=0.6 and
By, /B.; = 0.4 decreases ~23% but for v_;/vy; = 0 and By, /B;; = 0.4 it decreases by ~49% compared to the case of the untwisted tubes.

In Figures 5 and 6 we have plotted the variation of v/vy, —y/w,, 7p/T, and ) /w;; versus the thickness of the inhomogeneous layer
1/R for different flow parameters v,;/vy; = (0, 0.2, 0.4, 0.6) with magnetic twist By, /B, = 0.5 and k.R = (0.7, 2). This figure shows
that (i) for a given flow parameter v_;/v;, the value of phase speed v/v,; and the Doppler shifted phase speed €2/wj; increase with
increasing //R. (ii) With increasing //R the ratio of the damping rate to oscillation frequency —v/w, reaches a maximum value and
then decreases. (iii) The maximum value of —-/w, increases and moves to smaller /R when v_;/v,; increases. For example, the value
of —v/w, when the flow parameter v_;/v,; increases from 0 to 0.6 for the case By, /B = 0.5 and k.R = 0.7 increases ~26% and for
the case By, /B;; = 0.5 and kR = 2 increases ~71% compared to the case of no twist.

Panels (a) and (b) of Figure 7 show the minimum value of the damping time to period ratio 7/T = w/(27|7|) as a function of the
flow speed v_;/v,; and twist parameter By, /B.;, respectively, where the thickness of the inhomogeneous layer is //R = 0.1. Panel (a)
shows the results for different twist parameters By, /B;; = (1073, 0.3, 0.5). This panel indicates that for small v_;/v,; the effect of the
twist is important but for the larger flow parameter (v_;/v,; > 0.6) the effect of the magnetic twist is negligible. Panel (b) represents
7p/T =w/(2x|y|) as a function of the twist parameter for various values of flow parameter v_;/v,; = (0, 0.2, 0.4, 0.6, 0.8, 1). This
panel shows that for smaller By, /B;; the effect of the flow parameter is much more important but for larger By, /B,; the effect of flow
is less important. It should be noted that to plot Figure 7, the minimum value of the damping time to period ratio in the observational
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Figure 7. The minimum value of the damping time to period ratio (1p/T) for the slow surface sausage modes vs. (a) the flow speed (v,;/vy;) and (b) the magnetic twist
(Byi/By;) for I/R = 0.1. Here, we have k,R <5 and the other parameters are the same as in Figure 3.

wavelength region, i.e., k,R <5, is used. In the presence

of both the plasma flow and magnetic twist the ratio of the damping time to

the oscillation period can reach about 0.27, which is not much different from the result obtained by Sadeghi et al. (2021).

In this paper, the effect of both magnetic twist and

5. Conclusions

plasma flow on slow sausage waves in magnetic flux tubes under solar

photospheric (or magnetic pore) conditions has been investigated. We considered a cylindrical flux tube in which the density,
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longitudinal magnetic field, and flow plasma are constant inside and outside of the flux tube but the density and the longitudinal and
azimuthal components of the magnetic field and the plasma flow change continuously in the inhomogeneous layer. Using the
solutions of the MHD equations in the core and external regions and the connection formula, we obtained the dispersion relation (42)
and solved it numerically, and calculated the phase speed (or normalized frequency) v/vy; = w,/wy;, the damping rate to frequency
ratio —y/w,, the damping time to period ratio 7/T = w,/(27|y|), and the Doppler shifted frequency /wj; of the slow surface
sausage modes under the magnetic pore conditions. The dispersion relation has been solved numerically. The numerical results
show that:

1.

For given values of the thickness of the inhomogeneous layer //R, and the twist parameter By, /B;, as the flow parameter v_;/vy;
increases, (i) the minimum values of both the Doppler shifted frequency 2/w,; and the damping time to period ratio
7p/T = w,/(2x|y|) decrease, and (ii) the maximum value of —vy/w, increases.

. The effect of plasma flow in decreasing the ratio of the damping time to the oscillation period is more strong in untwisted tubes,

i.e., as the twist parameter increases the effect of plasma flow becomes less important.

. The effect of magnetic twist in decreasing the ratio of the damping time to the oscillation period is more effective in flux tubes

with a small flow parameter. For example, in flux tubes with flow parameter v_;/v,; = 0.2, when the twist parameter By, /B.;
increases from 0.1 to 0.3 the minimum value of 7p/T decreases ~49% with respect to untwisted tubes. But in flux tubes with
flow parameter v_;/v,; = 0.6, when the twist parameter B, /B.; increases from 0.1 to 0.3 the minimum value of 75, /T decreases
by ~17% with respect to untwisted tubes.

. For the case of //R=0.1, the minimum value of 7p/T for B@‘}_/BZ,- = 0.3, for instance, decreases ~97% when the flow

parameter v,;/v,; changes from O to 1. This value for By, /B = 0, decreases ~98% when the flow parameter v_;/v,; changes
from O to 1.

The authors thank the anonymous referee for their valuable comments.

Appendix A
Constants of Background Gas Pressure

Here, the parameters used in Equation (10) governing the radial dependence of background pressure are given by

i

A2
A =p, — (1 - 7'“02[;’2 4 )Azrl-z/u0 — Aoy — Agr? — Agr?

3G, — D+ BICG — D pAZF?
241! P —1?
+ Gy, = DI, = D+ (G, — DU+ 2r(CG, — D))
+(G, = D¢, = DG, = D? + 21, = DG — DUCE, = D + (¢, = D=1 = 2ri(¢ — D)
H(CF, = DX, — DU+ 2n(CG — D) + (G5, — DA+ 20r(Ch, — D+ 3r2(CG, — D)

_ piA‘%rl-z
20, - 1?

(G, — DQIGG, — DG, = D + (G, = DU, = D + (G, — D=1 = 3¢5, — ),
pAVTE(C, — DGy, — DX, — D
4= 3G - D) ’
ri(Cg, = pARr?
e~ 1) ) TR G, )
I(G, = D = (G5 = DGy, = D = (5 = DA, — D+ (G — 1)
(G, — D=1+ 1(CG — 1) ’

AzE

(=1, = DG, = DD, — DG, — D

A3

(&, = DU, = D, = DG, =D

As = _Azriz/,“o[l - U= (G, — (=L + ri(Cy, — 1)U = r(C3, = D)),

As = p AV,

1y AL
=P - (1 - “’Z'sz)Azr?/uo A — 1)+ A2 — )+ AsGE — 1)+ Asine /) + Agn(1 4 (G, — D). (A1)

14



THE ASTROPHYSICAL JOURNAL, 944:194 (18pp), 2023 February 20 Sadeghi, Bahari, & Karami

The continuity of the total pressure at the boundaries of the tube, i.e., at the inner (» = r;) and outer (r = r,) radii of the tube has been
used to determine A; and p; in terms of other constants. In the case of photospheric conditions, these parameters can be simplified as

Ay
Al =py — (1 — Lol )Az 2/,“0 — A1 — A3ri2 - A4V'3,

242 '
34277 + Bg Al
W i i R Z’ [2r; — 2D) — (, — D + 4r) + 352/11,
2410l I
A2.2
A = ”’2%(1 + (¢, — DG — 21),
)
4 = 313 s
. A Y
As = =12 /ol 1 + —2 + & i (= ri(¢, —
(re — 1) P
Ag =0,
A2
P =py — [1 - %)Azr?/uo + A (re — 1) + A7 — 1) + As() — 1) + AsInr /1), (A2)

Appendix B
Resonant Position

Equation (50) can be rewritten as a fourth-order equation in terms of 6. as follows:
A8t + B8 + C82 + &5, + F=0. (B1)

The constants A, B, C, £, and F are given by

A= e g - ), (B2)
Al Si
AA4 P ) R 5 1Y )
B=20002 = 1) + 020, = 1) — (Ve — D) 242 + 644025 — As| = | — Ag(¢y — 17, (B3)
Vi Vsi 2y Vai Vsi T

2 22
c;1+v—;(gp—1)+cp[%—

ci

2
2 2 2| Ve 2.2
(Vi + VAei)] - Cp(—z - VseivAei]

ci ci

2
+ %( ! 1)(2A312 + 6A412F,' — As(i) )
2VA1 si i ri

S02(C, — 1) = (G,vie — 1)>(A3<21ri — 1)+ ABlr? = 1)) + As(i — ln(’—f))], (B4)
i

VAI Sl

2 2
VL' C v\( + V, e
8_2(_2 )X 2(1+ A) (581+viei)
Vei Vei vw + VAI
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Felors 2L(L4) (B6)
Vei VaiVsi \ Vsi
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where we have used the following approximation

In(r/r})=In [1 + (re — ri)éc],
T
T, — 1 lre—rl-zz
o~ b — =| —— 65, (B7)
I 2 I

for (== ‘)6 < 1 and considered only the terms up to O (6?). It has been checked that keeping the higher order terms O(6>) does not

affect the results. This fourth-order equation has been used to obtain the cusp resonance absorption point (r.) in numerical
calculations.

Appendix C
Weak Damping Rate for the Surface Sausage Mode

Here, Equation (54) has been used to obtain an analytical expression for the damping rate of slow surface sausage waves in the

weak damping limit, i.e., v << w,. To do this, we first calculate ag:’* from Equation (43) as follows:
oD, ki 1 dk,;  k,dk ky d
MR 2 — 20— pw— R L K)o ) 2 ) K 4L 1
Ow ke k,e dw ky, dw “kye dw
Now from Equation (36), one can obtain
dk,i —wi(w? — 2w
i __ > 2( . czl) 5 , (CZ)
dw i + vad (W — wi)ky
2
dk,e _ —wiw? — 2w2) (©3)
dw ( + VAe)(W - w(,c) kre
Also from Equation (45) for , we get
i fgDe(1 —v) — ZB(‘,zﬂne2 _ K, 1(y)
dQ Q dx dw HoDey K, ()
= —Xx
dw X dw ni+k; _ AM@b—1s)
k. M(a,b;s)
#oD =) =252 Koa) | d [mitke 5 M@b—1is)
HoDey K.(y) k; M(a,b;s)
+x . . (C4)
n,+kzs _ M(a,b—1;s)
k. M (a,b;s)
After some algebra, this equation can be written as
1—v 234,18 K. KK \\d |, 1dv iy dn, wn?
dQ Qdx ( v tesaar T ( K, )ty eane T e
== +x
dw x dw ni+k;s _ AM(a,b—1;s)
k. M(a,b;s)
sdng o +k mtk g o d (M@b -1 ] mDd =¥ - 2Bonl K1)
k, dw dw M (a,b;s) 1toDey K, (y)
+x - , (C5)
n,-+k;s _ 2M(a,b —1;9)
k. M (a,b;s)
where x =k,;r; and y = k,.r,. In terms of new functions, this simplifies as
d
49 7>— + S (C6)

dw dw dw’
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where

[i@ mitks o 21<M<a,b_1;s>)](yobe<1—v)—zBoinf _ zq,,,@))
dw

Q k, dw k, M (a,b;s) toDey K,(y)
P==+ ) C7
x dx [nit k. AM@b—19F €D
dw k. M (a,b;s)
1-v 2"3% n? K1 K'K,_1\ )dy 1dv 4"3% dn, wn?
. (—+ﬁ+(z<— )i - e - ) cs
- dy [mi+k . 4 M@b—1;s) ' €8)
dw k. M(a,b;s)
In addition, from Equation (22) we have
dni WP - 2w)) ©9)
dw W2+ )W — W)
dn, Wi w? — 2w%) (C10)
dw (Vsze + Vie)(wz - w%e)zne -
With the help of Equations (C2) and (C3), Equation (C6) takes the form
@ — P w3(w2 — Zwii) +yS w3(u)2 — nge) ) (€11
dw (Wi — W) (Whi — W W? — W) W — W) (Whe — W)W — WL,
Substituting this into Equation (C1) yields
aDAR kri 2 kr‘
=2pw — 2p,w—Q — pwi(W? — wi,)—
EW P 19 ko P Ae ko
y Q+aP)W? —2wg)  (Q—yS)(W — 2w} ©12)
W — W)Wy — W2 = W) (Wi — W(Wh, — W) (W? — Wy,

Finally, using Equations (44) and (C12) in Equation (54) one can obtain the damping rate - in the limit of weak damping for the slow
surface sausage modes in the cusp continuum as

ok’ 2\ 2 2
krep. | Ac | ‘ ( 2) ((w2 - wAi) + Z)(wz - u)Ae)g
refe 12l p=p,

| Vi vy €13
Ylw=w, = — P

kyi

2w(1 — Xk—mQ) — wx7

where

. 2 2' _ 2 2

T: w%(w% o wie) krl - (Q :_ x72?)(wr 2 2“;&) > - (Q 2 Yf)(“-’r > 2w2ce) > . (C14)
kre (wsi - wr)(wAi - wr)(wr - u‘Jci) (wse - wr)(wAe - wr)(wr — Wee
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